The grid-aligned shock instability prevents an accurate computation of high Mach number flows using low-dissipation shock-capturing methods. In particular one manifestation, the so-called carbuncle phenomenon, has been investigated by various different groups over the past decades. Nevertheless, the mechanism of this instability is still not fully understood and commonly is suppressed by the introduction of additional numerical dissipation. However, present approaches may either significantly deteriorate the resolution of complex flow evolutions or involve additional procedures to limit stabilization measures to the shock region.
number locally whenever the advection dissipation is small compared to the acoustic dissipation. A very simple modification of the eigenvalue calculation in the Roe approximation leads to a scheme with less numerical dissipation than the original Roe flux which prevents the grid-aligned shock instability.
The simplicity of the modification allows for a detailed investigation of multidimensional effects. By showing that modifications in flow direction affect the shock stability in the transverse directions we confirm the multidimensional nature of the instability. The efficiency and robustness of the modified scheme is demonstrated for a wide range of test cases that are known to be particularly prone to the shock instability. Moreover, the modified flux also is successfully applied to multi-phase flows.
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Introduction
Modern applications of computational fluid dynamics involve complex interactions across scales such as shock interactions with turbulent structures and multiphase interfaces [1, 2] . In the last decades, a variety of different numerical approaches were developed aiming at schemes that combine high accuracy and high robustness [3] . Shock capturing methods based on Godunov's approach [4] nowadays are among the most successful methods for simulating compressible flows involving shock waves and other discontinuities. Their versatility and ease of implementation make them advantageous over shock tracking methods, especially when new shock waves emerge during the simulation. Following Godunov's approach [4] , cell-face fluxes are deter-mined by Riemann problems, which can be solved locally. The popularity of the method is based on its straightforward extension to high-order reconstruction schemes, such as ENO [5] or WENO [6] schemes. Originally the exact Riemann solution was computed iteratively, which soon was replaced by more efficient approximate Riemann solvers.
Numerous approximate flux formulations have been developed in the past.
They can be categorized roughly as complete and incomplete. Incomplete fluxes, such as e.g. HLL [7] or HLLE [8] solver, typically are more robust, at the expense of allowing only for a limited number of waves. Contact discontinuities usually are not captured explicitly, which often leads to unacceptable smearing of contact lines. Complete fluxes model explicitly each of the relevant waves of the underlying problem, e.g. for the three-dimensional Euler equations five waves are modelled including the contact discontinuity. Popular examples of complete Riemann approximations are HLLC [9] , the Osher approximation [10] and the Roe approximation [11] . Upon combining complete Riemann solvers with high-order reconstruction schemes a minimum amount of numerical dissipation can be obtained. Such a low numerical dissipation is crucial for the accurate calculation of flow instabilities and wave transport. Despite the enormous effort spent on the development of approximate Riemann solvers, which enables the accurate simulation of various complex flow configurations, the design of an all-purpose low-dissipation high-resolution Riemann solver remains to be a challenge.
It turned out that a promising group of complete Riemann solvers fails spectacularly on certain flow configurations involving supersonic shock waves [12] . Since Peery and Imlay [13] first described their observation on the fail-ure of the Roe flux approximation when applied to supersonic flows around a blunt body, intense research was devoted to discovering reasons and cures for this undesirable behavior. An instability, first reported in [13] , leads to a characteristic deformation of the shock front which was called "carbuncle phenomenon" due to its excrescence-like appearance. The carbuncle phenomenon ruined many efforts to compute grid-aligned shock waves using low-dissipation upwind schemes. Quirk [12] presented a catalogue of cases where Godunov type schemes were known to fail. Three of the problems he reported, namely the carbuncle phenomenon, the kinked Mach stem of a double Mach reflection and a newly described odd-even decoupling problem have in common that they develop most prominently when a high Mach number shock wave propagates aligned with the computational grid. Quirk [12] noticed that some schemes possessing good shock capturing properties are more likely to be affected by such instabilities than more dissipative flux formulations, such as the HLLE Riemann solver. Quirk [12] concluded that insufficient dissipation at the contact line might be the reason for the instability. A large number of scientific publications since have addressed various aspects of the challenging problem. Although not being fully understood, it is generally believed that the prime reason for the shock instability is insufficient numerical dissipation in the region of the shock front.
The most popular approach to cure the instability is to increase locally the numerical dissipation of the underlying scheme. Peery and Imlay [13] achieved such a stabilization by smoothing the Roe eigenvalues, resulting in a bow shock smearing over several cells. Quirk [12] noted that the ad-hoc application of Harten's entropy fix to increase numerical dissipation of the contact and shear waves cures the problem, has, however, no physical justification. Sanders et al. [14] performed a linear analysis that revealed that the instability is caused by an insufficient cross-flow dissipation. They proposed a multi-dimensional modification to the Roe solver, where they apply an entropy fix that depends on neighboring interfaces. Due to the spatial arrangement of the incorporated interfaces the method is called H-correction.
Later, Pandolfi and D'Ambrosio [15] modified the H-correction for the application to high-speed flow boundary layers. Both the analyses of Gressier and Moschetta [16] and Pandolfi and D'Ambrosio [15] investigated the behavior of different families of approximate Riemann solvers concerning the shock instability. They concluded that schemes that explicitly capture a contact discontinuity are always to some extend prone to the grid-aligned shock instability. Liou [17] found that the dissipative pressure term in the mass flux is responsible for the instability, which motivated him to design new schemes that are both stable and able to capture contact discontinuities. The conclusion of [17] that schemes with a mass flux that is independent of the pressure term are not affected by the carbuncle phenomenon (Liou's conjecture) was questioned by other authors [16, 15, 18] . They provided counterexamples including the AUSM + scheme [19] . Ren [20] developed a shock-stable scheme based on a rotated Roe flux formulation, which automatically introduces artificial dissipation in the relevant regions. Although his approach does not require an explicit detection procedure, there is a computational overhead since the Riemann problem has to be solved twice on every cell interface.
Kim et al. [21] introduced an improved Roe scheme that is capable of accurately resolving contact discontinuities and is free of the shock instability.
The authors of [21] introduced a Mach-number-based function that controls the feeding rate of pressure fluctuation into the numerical mass flux. More recently, Chen et al. [22] followed a similar approach to stabilize the Roe scheme by introducing shear viscosity into the momentum flux, controlled by a pressure-based sensing function to constrain the effect to the shock region. They noticed that the instability of the Roe scheme may not be caused by the pressure difference, but by inadequate shear viscosity. All procedures described so far have in common that they increase the dissipation of the Roe scheme in one way or another. Similar procedures have been developed for other types of Riemann solvers, e.g. for HLLC [23, 24, 25] or AUSM [26, 27] .
An alternative approach are hybrid schemes where Riemann solvers of different families are combined. The appropriate scheme is chosen locally based on a control function that evaluates the local flow condition. Quirk [12] combined a Roe scheme with an HLL scheme and obtained good results.
However, the control function involves problem-dependent parameter calibration and the overall scheme still is stabilized by local application of a more dissipative scheme. Rodionov [28] argued that the exact Riemann solver is physically the most consistent way to determine inviscid fluxes, however, the introduction of additional numerical dissipation moves the approximate solution further apart from the exact Riemann problem. Thus, he presented a new approach where the problem is not solved by corrections to the Riemann solver but by introducing an artificial viscosity similar to the molecular viscosity present in the Navier-Stokes equations. This approach is independent of the applied Riemann solver.
The present work relates the grid-aligned shock instability to another well-known difficulty of Godunov-type schemes in the low Mach number limit.
Guillard et al. [29, 30] 
Governing Equations and Numerical Approach
We consider an inviscid compressible flow that evolves according to the three-dimensional Euler equations
where U is the density of the conserved quantities mass ρ, momentum ρv ≡ (ρu, ρv, ρw) and total energy E = ρe + 1 2 ρv 2 , with e being the internal energy per unit mass. The fluxes F, G and H are defined as
(
The set of equations is closed by the ideal-gas equation of state, where the pressure p is given by p = (γ − 1) ρe with a constant ratio of specific heats γ.
Finite volume approach
We apply Godunov's approach approach for finite volumes to solve this set of equations numerically. This procedure is widely used for hyperbolic equations. The time evolution of the vector of cell-averaged conservative statesŪ is given by
where F, G and H approximate the cell-face fluxes in x-, y-and z-direction, respectively. These fluxes are determined dimension-by-dimension from an approximate Riemann solver combined with a fifth-order WENO [6] spatial reconstruction scheme. Additional volume source terms, such as gravitational acceleration, are omitted here for simplicity. The resulting ODE (3) is integrated in time using a third-order strong stability-preserving (SSP)
Runge-Kutta scheme [31] .
Approximate Riemann solvers
The majority of state-of-the-art methods relies on approximate Riemann solvers since exact Riemann solvers are computationally expensive. Moreover, exact Riemann solvers are not helpful to suppress the carbuncle phenomenon since they are likewise affected by the shock instability [12] . Here, we focus on two approximate flux formulations, the classical Roe flux [11] and a componentwise local Lax-Friedrichs flux [6] . The Roe flux formulation is known to be particularly vulnerable to the carbuncle phenomenon. Its low numerical dissipation and its ability to capture contact waves accurately is generally believed to be the reason for this deficiency. The componentwise local Lax-Friedrichs flux is only slightly more dissipative and therefore sim- 
Roe Riemann flux
The classical Roe formulation gives the following numerical flux function
where R and R −1 are the right and the left eigenvector matrices of the Jacobian ∂F/∂U, and Λ is the diagonal matrix formed with the eigenvalues
Quantities with hat-notation "." denote density-based Roe averageŝ
where k has to be replaced by the quantity of interest, e.g. u.k i andk i+1 are the cell-averaged variables of the cells adjacent to the cell face i + 1/2.
No entropy-fix is applied for all computations in this paper.
The high-order spatial WENO reconstruction is performed in characteristic space using a finite difference formulation both on
and
The final flux is obtained by
Componentwise local Lax-Friedrichs flux
The only difference between the Roe flux and the componentwise local 
Note that R and R −1 are identical for both flux formulations. Compared to the original local Lax-Friedrichs flux, often called Rusanov flux, this definition has different eigenvalues for each characteristic field. Thus, the cLLF flux is still close to the Roe flux with only slightly increased numerical dissipation.
Note on numerical dissipation
The flux formulation given in Eq. 4 has two parts. The first term on the right-hand-side is the central flux term, and the second term is the dissipative flux term. Since R and R −1 are only forward and backward coordinate transformations, the dissipative flux merely depends on Λ. Again, two different contributions to the dissipative flux can be distinguished. The advection dissipation is proportional to |u|, while the acoustic dissipation is proportional to |u ± c|. This distinction might be helpful to understand the proposed cure of the shock instability.
A modified flux formulation
We relate the grid-aligned shock instability to another well-known difficulty of Godunov schemes in the low Mach number limit. The connection can be deduced from the observation that the instability only occurs when the shock front moves aligned with the computational grid. For Cartesian grids, this situation involves vanishing but non-zero velocity components in spatial directions other than the shock propagation direction for cells covering the shock front. Note that a perfect alignment leads to a purely one dimensional situation and no instability occurs. A small deflection is always required to trigger the instability.
The asymptotic analysis on the Roe flux and general Godunov schemes by Guillard et al. [29, 30] revealed that the centered terms of the flux for- the acoustic contribution to the numerical dissipation is much larger than that of the advection.
The main goal of the proposed modifications therefore is to balance the advective and acoustic dissipation in the low Mach number limit.
A modified Roe-M flux
A straightforward way to decrease the imbalance of advective and acoustic dissipation and consequently to avoid the amplification of present pressure disturbances is to increase the Mach number value M in Λ.
In case of the Roe flux, this can either be done by decreasing the acoustic dissipation λ 1,5 =û ± min (φ |û| ,ĉ) , λ 2,3,4 =û (11) or by increasing the advection dissipation
where φ is a positive number of order O(1). Thus, the Mach number is Mach number treatment will be denoted Roe-M in the following.
A modified componentwise LLF-M flux
The same procedure of decreasing the acoustic dissipation applied to the componentwise local Lax-Friedrichs flux leads to eigenvalues
with
The componentwise local Lax-Friedrichs flux with low Mach number treatment will be denoted cLLF-M in the following. 
where the shock front is placed initially at x = 5. In order to monitor the growth rate of the disturbance quantitatively over time the maximum magnitude of the y-velocity component is evaluated in the whole domain as a measure of the deviation from the one-dimensional solution. The same procedure has also been applied for a stronger shock with M = 20. Figure 3 
Note on the multidimensionality of the shock instability
It is known that purely one-dimensional cases are not affected by the grid-aligned shock instability unless they are formulated in two dimensions. 
Roe-M (x-only)
Roe-M (y-only) calculations of the the Sedov blast wave show stable results only when the flux modification is applied at least to both other directions. Thus, the gridaligned shock instability is a true multidimensional phenomenon.
Numerical results
In this section, we investigate a wide range of test problems that are known to suffer from the shock instability. Together with Quirk's odd-even decoupling and the Sedov blast wave, which were presented in the previous sections, the classical set of test cases consists of the double Mach reflection problem [34] , the 90 degree corner flow problem [12] , the flow around a blunt body [13] and the "physical" carbuncle set-up of Elling [35] . Additionally, we will consider two multi-phase cases, where we encountered carbuncle-like instabilities during a shock-interface interaction both with air/helium and water/air.
If not mentioned otherwise, calculations were performed using the classical fifth-order WENO scheme [6] combined with a third-order strong-stabilitypreserving Runge-Kutta time integration [31] . Whenever the problem does not rely on positivity preservation, we apply a Roe flux [11] and its low Mach number modification, otherwise the componentwise local Lax-Friedrichs [6] and the corresponding low Mach number modification are employed. The φvalue is always set to 5. A level-set approach [36] is applied for multi-phase cases. The CFL number is set 0.6 for single-phase cases and 0.4 for cases that involve the level-set approach. The material is modelled as ideal gas with γ = 1.4. 
Supersonic corner flow
Another well-known test case, which was already described by Quirk [12] in the context of shock instability, is the diffraction of a shock wave around a sharp corner. This problem yields complicated flow patterns and many schemes encounter the situation of odd-even decoupling in parts of the flow where the shock wave is aligned to the grid. The instability occurs in particular when the mesh is highly refined.
We use a domain of size [0, 1] × [0, 1], that is uniformly initialized with 
Supersonic flow around cylinder
The most widespread manifestation of the grid-aligned shock instability is the so-called carbuncle phenomenon. It was first described in [13] for a supersonic flow around a cylinder. This case is challenging for shock-capturing schemes not only due to the grid-alignment but also also due to the steadiness of the shock. Godunov-type schemes are known to encounter difficulties for slowly moving and steady shocks [12, 38] . The supersonic flow around a cylinder is often simulated using polar coordinates and implicit time integration up to a steady state [21, 28] . However, in the context of this paper, we are mainly interested in the grid aligned shock instability, i.e. the carbuncle phenomenon, for Cartesian grids. Therefore, we apply the same Cartesian framework with explicit time integration as used for the other cases being aware of that the dissipation introduced by the time integration might not be enough to reach a fully converged steady state and a small resolved level of fluctuations around the steady shock may remain. The circular reflectingwall condition representing the cylinder is approximated using a level-set approach [36] . The resulting pressure distributions for the low Mach number case are shown in Fig. 10 together with Mach contour lines that are chosen identical to [28] . The final time t = 1.5 is large enough to ensure a fully developed bow is slightly higher than in the low Mach number case.
Elling test
The numerical experiment described by Elling [35] provides a flow configuration where a carbuncle-like flow evolution can be physically justified and thus, it should be correctly recovered by the numerical flow solver. The test case consists of an interaction of a steady shock front with a vortex filament.
For this specific condition, a carbuncle-like flow pattern has been observed in experiments [39] . Some of the shock stable schemes that suppress the instability by additional numerical dissipation, such as the HLLE solver, are not able to recover this physically valid carbuncle-like structure [33] .
The problem is set up with a steady shock that is placed at one cell in the original case. This change is necessary to stabilize the simulation when the Roe approximation is applied. The left frame of Fig. 12 shows the final result for the density profile when the original Roe flux is applied. Besides the expected carbuncle-like structure smaller carbuncles develop along the shock front. However, the modified Roe scheme is able to produce a disturbance-free shock front, while it does not suppress the "physical" carbuncle that is triggered by the vortex, see Fig. 12 right. The reduced numerical dissipation is clearly visible in the fine structure of the "physical" carbuncle.
Shock interface interaction: helium bubble in air
The grid-aligned shock instability does not only affect single-phase cases, but it may also limit the numerical investigation of shock-interface interaction problems. The following case investigates the interaction of a Mach 6 shock Initial condition 
Shock interface interaction: air bubble in water
Finally, another two-phase setup is investigated featuring a water-air setup with a large density ratio as described in [2] . As the shock hits the air bubble, a strong transmitted shock wave starts to travel within the air bubble. When low dissipation schemes such as the Roe approximation are applied, the shock front in the air bubble may suffer from the grid alignedshock instability. 
where water is modelled with a stiffened equation of state (γ = 4.4, P inf = 6 · 10 8 ) and air as ideal gas (γ = 1.4). The resolution is set to 640 × 640.
Roe
Roe-M Figure 16 : Shock interface interaction of a air bubble in water at t = 2.9 · 10 −6 : velocity magnitude within the air bubble from dark blue=0 to red=4400. Fig. 15 shows the results for the density distribution for the whole domain, while Fig. 16 is focused on the velocity distribution in the air bubble at t = 2.9 · 10 −6 . Again, the modified Roe flux is able to recover a sharp shock front without any instability effects.
Conclusion
In this paper, we have presented a procedure to obtain low-dissipation flux approximations that are stable against the grid-aligned shock instability and require only minor modifications to existing schemes. The procedure is 
